Abstract. Let M be a compact connected oriented n−1 dimensional manifold without boundary. In this work, shape space is the orbifold of unparametrized immersions from M to R n . The results of [1] , where mean curvature weighted metrics were studied, suggest incorporating Gauß curvature weights in the definition of the metric. This leads us to study metrics on shape space that are induced by metrics on the space of immersions of the form
Introduction
Riemannian metrics on shape space are of great interest for many procedures in data analysis and computer vision. They lead to geodesics, to curvature and diffusion. Eventually one also needs statistics on shape space. The shape space used in this paper is the orbifold B i (M, R n ) of unparametrized immersions of a compact oriented n − 1-dimensional manifold M into R n , see [5] :
The shape space B e of submanifolds in R n of type M used in [1, 2] is a special case of this.
The quest for suitable Riemannian metrics was started by Michor and Mumford in [12, 11] , where it was found that the simplest and most natural such metric induces vanishing geodesic distance on shape space B i . One attempt to strengthen the metric is by adding weights depending on the curvature. For curves, where there is only one notion of curvature, this was done in [12, 13] . In higher dimensions, there are several curvature invariants. We are especially interested in the case n = 3, where the curvature invariants are the mean and Gauß curvature. Mean curvature weights were used in [1] . In this paper we take up these investigations by adding a Gauß curvature term to the definition of the metric.
A Riemannian metric on Imm(M, R n ) is a family of positive definite inner products G f (h, k) where f ∈ Imm(M, R n ) and h, k ∈ C ∞ (M, R n ) = T f Imm(M, R n ) represent vector fields on R n along f . We require that our metrics will be invariant under the action of Diff(M ), hence the quotient map resulting from dividing by this action will be a Riemannian submersion. This means that the tangent map of the quotient map Imm(M, R n ) → B i (M, R n ) is a metric quotient mapping between all tangent spaces. Thus we will get Riemannian metrics on B i . Riemannian submersions have a very nice effect on geodesics: the geodesics on the quotient space B i are exactly the images of the horizontal geodesics on the top space Imm.
The metrics we will look at are of the form:
Hereḡ is the standard metric on R n , f * ḡ is the induced metric on M , vol(f * ḡ ) is the induced volume density, L is the Weingarten mapping of f and Φ : R 2 → R >0 is a suitable smooth function depending on the mean curvature Tr(L) and Gauß curvature det(L). Since Φ is just multiplication with a smooth positive function, the horizontal bundle consists exactly of those vector fields which are pointwise normal to f (M ), see [1] .
Big parts of this paper can be found in Martin Bauer's Ph.D. thesis [3] .
Differential geometry of surfaces and notation
We use the notation of [10] . Some of the definitions can also be found in [7] . Similar expositions in the same notation are [1, 2] .
In all of this chapter, let f : R → Imm(M, R n ) be a smooth path of immersions. By convenient calculus [9] , f can equivalently be seen as a smooth mapping f :
is an immersion for each t. We will deal with the bundles
Letḡ denote the Euclidean metric on R n . The metric induced on M by f (t, ·) is the pullback metric g = f (t, ·) * ḡ . On tensor spaces T r s M we consider the product metric g
A useful fact is (see [2] )
Let ∇ denote the Levi-Civita covariant derivative acting on sections of all of the above bundles. The covariant derivative admits an adjoint, which is given by ∇ * = − Tr g ∇. For more details see [2] .
The normal bundle of an immersion f (t, ·) or a path of immersions f , respectively, is given by
Let ν designate the positively oriented unit normal field with respect to the orientations on M and R n . Any field h along f (t, ·) or f can be decomposed uniquely as
into parts which are tangential and normal to f . The two parts are defined by the relations
Let s f denote the second fundamental form of f (t, ·) on M and L the Weingarten mapping, which are related to the Levi-Civita covariant derivative ∇ on (R n ,ḡ) by the following equation:
The eigenvalues of L are called principal curvatures and the eigenvectors principal curvature directions. Tr(L) is the mean curvature, and in dimension two det(L) is the Gauß-curvature (we use this name generally).
Variational formulas
We will calculate the derivative of the Gauß-curvature. The differential calculus used is convenient calculus as in [9] . Proofs of some of the formulas in this chapter can be found in [4, 11, 1, 2] and in [14] .
3.1. Setting for first variations. Let us consider a function F defined on the set of immersions Imm(M, R n ), an immersion f 0 and a tangent vector h to f 0 . Furthermore we choose a curve of immersions
In this setting, the first variation of F is
3.2. Tangential variation of equivariant tensor fields. Let the smooth map-
) take values in some space of tensor fields over M , or more generally in any natural bundle over M , see [8] . If F is equivariant with respect to pullbacks by diffeomorphisms of M , i.e.
for all φ ∈ Diff(M ) and f ∈ Imm(M, R n ), then the tangential variation of F is
is given by
3.5. Variation of the Gaußcurvature. The differential of the Gaußcurvature
Proof. For the normal part we have
For the tangential part, we use the observation of section 3.2. We use the method of [1, section 4] to calculate the geodesic equation as
where H, K are the metric gradients given by
). So we need to compute the metric gradients. The calculation also shows the existence of the gradients. Let
To read off the K-gradient of the metric, we write this expression as
Therefore, using the formulas from section 3 we can calculate the K gradient:
To calculate the H-gradient, we treat the two summands of
In the calculation of the second term of the H f (m, h) gradient, we will make use of the following formula from [1, section 5.1], which is valid for φ ∈ C ∞ (M ) and X ∈ X(M ):
Therefore we can calculate the second summand, which is given by
Summing up all the terms the H-gradient is given by
The geodesic equation for a Gauß-curvature weighted metric G Φ with Φ = Φ(det(L)) on Imm(M, R n ) is then given by
Momentum mappings.
The metric G Φ is invariant under the action of the reparametrization group Diff(M ) and under the Euclidean motion group R n SO(n). According to [1, section 4] the momentum mappings for these group actions are constant along any geodesic in Imm(M, R n ):
5.1. The horizontal bundle and the metric on the quotient space. Since vol(f * ḡ ), Tr(L) and det(L f ) react equivariantly to the action of the group Diff(M ), every G Φ -metric is Diff(M )-invariant. Thus it induces a Riemannian metric on B i such that the projection π : Imm → B i is a Riemannian submersion. For every almost local metric G Φ the horizontal bundle at the point f equals the set of sections of the normal bundle along f . Therefore the metric on the horizontal bundle is given by
See [1, section 6.1] for more details.
The geodesic equation on
The calculation of the geodesic equation can be done on the horizontal bundle instead of on B i . This is possible because for every almost local metric a path in B i corresponds to exactly one horizontal path in Imm (see [1] ). Therefore geodesics in B i correspond to horizontal geodesics in Imm. A horizontal geodesic f in Imm has f t = a.ν f with a ∈ C ∞ (R × M ). The geodesic equation is given by
see [1, section 4] . This equation splits into a normal and a tangential part. The normal part is given by
From the conservation of the reparametrization momentum, see [1] it follows that the tangential part of the geodesic equation is satisfied automatically.
Therefore the geodesic equation on B i for Φ = Φ(det(L)) is given by
Again the geodesic equation for a more general almost local metric G Φ where Φ = Φ(Vol, Tr(L), det(L)) can be obtained by combining the above equation with the results in [1, section 5.1]. It reads as
For the case of curves immersed in R 2 , this formula specializes to the formula given in [13, 
Numerical results
We want to solve the boundary value problem for geodesics in shape space of surfaces in R 3 with respect to curvature weighted metrics, more specifically with respect to G Φ -metrics with
In [1] we did this for metrics depending on the mean curvature only.
We will minimize horizontal path energy
over the set of paths f of immersions with fixed endpoints. By definition, the horizontal path energy does not depend on reparametrizations of the surface. Therefore we can add a penalty term to the above energy that controls regularity of the parametrization.
We reduce this infinite dimensional problem to a finite-dimensional one by approximating immersed surfaces by triangular meshes. We solved the resulting optimization problem using the nonlinear solver IPOPT (Interior Point OPTimizer [15] ). IPOPT was invoked by AMPL (A Modeling Language for Mathematical Programming [6] ). The data file containing the definition of the combinatorics of the triangle mesh was automatically generated by the computer algebra system Mathematica. .
Here ∇ stands for a discrete gradient, and
is the vector mean curvature defined by the cotangent formula. In this formula, α i and β i are the angles opposite the edge (p, p i ) in the two adjacent triangles. Furthermore,
is the vector area at vertex p. The discrete Gauss curvature can be defined as
.
Here Θ(p) stands for the angular deflection at p, defined by
where θ i denotes the internal angle of the i-th corner of vertex p and #(star(p) the number of faces adjacent to vertex p. Using these definitions, the horizontal path energy and the penalty term were discretized as in [1, section 10.1].
6.2. Geodesics of concentric spheres. In this chapter we will study geodesics between concentric spheres for Gauß curvature weighted metrics, i.e. metrics with Φ = 1 + B det(L) 2l . For mean curvature weighted metrics this has been done in [1] .
The set of spheres with common center x ∈ R n is a totally geodesic subspace of B i with the G Φ -metric (see [1, section 10.3] ). Within a set of concentric spheres, any sphere is uniquely described by its radius r. Thus the geodesic equation reduces to an ordinary differential equation for the radius. It can be read off the geodesic equation in section 5, when it is taken into account that all functions are constant on each sphere, and that
Then the geodesic equation for
2l on a set of concentric spheres in B i reads as
Note that det(L) = Tr(L)/(n − 1) n−1 . Therefore this equation is equal to the equation for metrics weighted by mean curvature with suitably adapted coefficients (see [1, section 10.3] ).
This equation is in accordance with the numerical results obtained by minimizing the discrete path energy. As will be seen, the numerics show that the shortest path connecting two concentric spheres in fact consists of spheres with the same center, and that the above differential equation is satisfied. Furthermore, in our experiments the optimal paths obtained were independent of the initial path used as a starting value for the optimization. 
The space of concentric spheres is geodesically complete with respect to the G
To see this, we calculate the length of a path f shrinking the unit sphere to zero (n = 3):
The last integral diverges if and only if l ≥ 1.
6.3. Translation of a sphere. For metrics with Φ = 1+B. det(L) 2l , the following behaviours can be observed:
• For spheres of a certain optimal radius, pure translation is a geodesic.
• When the initial and final shape is a sphere with a non-optimal radius, the geodesic scales the sphere towards the optimal radius.
• When too much scaling has to be done in too little time (always relative to the parameter B), then the geodesic passes through an ellipsoid-like shape, where the principal axis in the direction of the translation is shorter, see figure 2 . 
